We resolve the real-time dynamics of a purely dissipative s = 1/2 quantum spin or, equivalently, hard-core boson model on a hypercubic d-dimensional lattice. The considered quantum dissipative process drives the system to a totally symmetric macroscopic superposition in each of the S 3 sectors. Different characteristic time scales are identified for the dynamics and we determine their finite-size scaling. We introduce the concept of cumulative entanglement distribution to quantify multiparticle entanglement and show that the considered protocol serves as an efficient method to prepare a macroscopically entangled Bose-Einstein condensate.
Introduction. After the ground-breaking discovery of BoseEinstein condensation in ultracold quantum gases [1, 2] , the cooling of clouds of atoms to nanokelvin temperatures has become a daily routine in atomic physics laboratories worldwide. However, our understanding of the underlying out-ofequilibrium process from first principles is far from complete. The reason for this is twofold. Conventional Monte Carlo methods are typically not applicable to the problem of realtime dynamics of quantum many-body systems due to the absence of a positive-definite probability measure [3] . Thus, simulations of time evolution have been limited either to small numbers of particles that are amenable to exact diagonalization, or to one-dimensional gapped systems to which the timedependent density matrix renormalization group [4, 5] can be applied. On the other hand, the growth of quantum entanglement limits the applicability of the latter for late times [6] [7] [8] [9] .
For practical purposes it is sufficient to consider the time evolution of the many-body system in terms of a quantum master equation for the reduced density matrix, where the degrees of freedom of the environment have been traced out. This logic follows the reality of experiments, where it is seldom possible to reconstruct the complete density matrix of the full coupled system. When the coupling to the environment is weak and memory effects can be neglected, such an approach yields the Lindblad master equation [10] [11] [12] . In effect, this leads to a stochastic quantum state evolution composed of two distinct parts: the continuous nonunitary evolution with respect to an effective Hamiltonian
and the application of a set of discrete quantum jump operators L α [12] . Generically, Hermitian jump operators result in the inevitable heating of the system that ultimately leads to an infinite-temperature ensemble, regardless of the initial state. Much more interesting are non-Hermitian jump operators, which can be engineered in order to prepare specific input states for quantum simulation [13] [14] [15] [16] , e.g., using trapped ions [17] [18] [19] or ultracold atoms in optical lattices [20] . An intriguing proposal put forward in this context is a mechanism for "dissipative cooling" into a Bose-Einstein condensate (BEC) [19, 21, 22] . Similar considerations based on dissipative quantum dynamics also play an important role in quantum information processing [23] [24] [25] [26] [27] [28] or entanglement generation [29] . Essentially, for all of the considered cases, the system eventually reaches a nonequilibrium ensemble that is usually known exactly by construction. However, the intermediate real-time evolution of a macroscopic quantum system starting from a given initial state has so far remained largely out of reach.
In this Rapid Communication, we study the purely dissipative dynamics of a strongly correlated quantum spin system on a hypercubic d-dimensional lattice. We derive the equations of motion for local observables and show that the resulting system of linear equations can be solved efficiently. This allows us to investigate the real-time dynamics of Bose-Einstein condensation via dissipation. We study the dependence of the dissipative gap on the system size and find nontrivial scaling behavior. We demonstrate that this has interesting implications for the mechanism of nonequilibrium condensation.
Dissipative s = 1/2 quantum spin model. In the following, we consider a purely dissipative process (H = 0) for quantum spins at zero temperature. The spin operators, s The real-time evolution of the reduced density matrix ρ is assumed to be governed by a quantum master equation in the Lindblad form [10, 11] that is characterized by a single dissipative process,
The Lindbladian L is defined in terms of non-Hermitian
that act on adjacent lattice sites x, y . They map any two-particle spin-singlet state to the spin triplet, while conserving the total spin projection
x along the quantization axis, and annihilate the spin triplet. Here, γ is the rate that we assign to the process. Starting from an arbitrary initial state, Eq. (1) eventually drives the system into a totally symmetric global superposition state [19, 21, 22] . Note that the s = 1/2 quantum spin model can be mapped to a system of hard-core bosons [30] , where the spin operators s d pairs of nearestneighbor sites on the regular periodic lattice with coordination number n c = 2d. This is illustrated above for the example of the twodimensional lattice: (a) For each local operator, as, e.g., the local spin s a x , we attach n c jump operators (red) that contribute according to Eq. (4). (b) For two-point functions, as, e.g., C xy , we need to consider two cases: If x and y are nearest neighbors, we attach one jump operator that connects both sites x and y (blue) [cf. Eq. (6)], while n c − 1 jump operators are assigned separately to x and y (red) [cf. Eq. (7)]. On the other hand, if x and y are nonadjacent, we attach n c jump operators to both x and y.
The nonvanishing eigenvalues of the Lindbladian L with a negative real part Re λ i < 0 determine the relaxational modes that govern the real-time dynamics of the system. In particular, the mode corresponding to the eigenvalue with the largest real part,
dominates the asymptotic approach towards the nonequilibrium steady state. For the purely dissipative process Eq. (1), the only scale in the problem is provided by the system size N (i.e., the total number of particles). In the following, we show that even in the absence of a Hamiltonian, Eq. (1) leads to a nontrivial finite-size scaling of the dissipative gap for sufficiently large N. Note that the finite-size scaling of ∆ has been studied in detail for various bosonic and fermionic systems in d = 1 dimension and Hermitian jump operators [31] [32] [33] [34] [35] [36] [37] .
For any observable O = O[s], the equation of motion for its expectation value O(t) = tr ρ(t) O is given by
In general, the commutator terms in (3) will induce new operators. That is, the equations of motion for m-point functions typically depend on (m + 1)-point functions -the dynamical equations form an infinite hierarchy which cannot be solved in closed form. Notably, for Hermitian jump operators, conditions can be derived under which the hierarchy closes [38] . It seems that no definite statements have been made so far that establish whether a given non-Hermitian Lindblad process will lead to a closed system of equations. Here, we provide an explicit example where the hierarchy also closes, namely, for the non-Hermitian jump operators L xy . This allows us to study the finite-size scaling of ∆ as well as the real-time dynamics of the dissipative process in arbitrary dimensions from first principles. Fig. 1(a) ]. We determine
and obtain the following diffusion equation for the local magnetization,
where Note that C xx = 4D xx = ½, while the zero-momentum component of the Fourier-transformed two-point function C xy (t) = tr ρ(t)C xy corresponds to the condensate fraction. Note, that in the following we use calligraphic fonts to denote ensemble averaged quantities. Evaluating the commutators on the right-hand side of Eq. (3) for the operator C xy , we obtain
where x and y correspond to adjacent sites. We point out that the operator D xy is generated only if x and y are nearestneighbor sites [cf. Fig. 1(b) ]. Considering the commutator terms for D xy , we get
While the diagonal contributions are constant in time, C xx = 4D xx = 1, we obtain the following linear system for the offdiagonal contributions,
where δ x,y is nonzero and equal to one only if x and y are adjacent sites. Given initial data for the two-point functions C xy (t = 0) and D xy (t = 0), the first-order system of equations
⊤ can be solved explicitly. The solutions are expressed in terms of a superposition of exponential functions, whose characteristic rates of decay are determined by the eigenvalues λ i of the linear differential operator M. Using spatial translation invariance, we will characterize the real-time evolution in momentum space in terms of the Fourier modes C p (t) = N −2
x,y e ip µ (x−y) µ C xy (t), with p µ = 2πn µ /L and n µ ∈ {0, . . . , L − 1}. Infinite-temperature initial ensemble. First, we consider the time evolution starting from an incoherent thermal ensemble at infinite temperature, i.e.,
for which all off-diagonal entries of the correlation functions vanish:
y. The choice of initial conditions and subsequent dynamics can be likened to the following scenario: The system is initially prepared in the infinite-temperature ensemble and afterwards quenched to zero temperature, where the system is finally driven by the continuous application of quantum jump operators L xy . While the diagonal elements C xx (t) = 4D xx (t) = 1 as well as the off-diagonal elements D xy (t) = 0 remain constant as the system evolves in time, we observe that nontrivial off-diagonal correlations are generated for C xy (t). This is clear, since by construction Eq. (1) leads to the following ensemble,
where |D(N, n) ≡ |N/2, −N/2 + n corresponds to the totally symmetric Dicke state, with S 2 |D(N, n) = N(N + 2)/4|D(N, n) and S 3 |D(N, n) = (−N/2+n)|D(N, n) . Asymptotically, the ensemble (13) is characterized by
We solve the equations of motion Eqs. (10) and (11) via numerical diagonalization of the linear operator M. We observe that the dissipative gap ∆ that governs the asymptotic behavior exhibits a nontrivial finite-size scaling that strongly depends on the dimension d, (cf . Fig. 2) ; for large N, we find An intriguing consequence of this behavior is that the dissipative process Eq. (1) increases in efficiency with dimension d. That is, for fixed particle number N, the asymptotic regime is reached earlier in time. The real-time evolution of some selected Fourier modes is shown in Figs. 3 and 4 . We identify three dynamic regimes for the low-lying momentum modes.
The regime of initial growth is characterized by the generation of correlations due to the quasilocal action of the Lindblad operators, which gradually correlate quantum spins over ever larger distances. Each of the eigenmodes with eigenvalues λ i contributes to the time dependence of C xy . The time t 1 , when the low-lying modes (p 0) reach their maximum value, scales with inverse momentum squared, t 1 ∼ | |p| | −2 . Of course, this behavior is tied to the Laplacian Eqs. (10) and (11), which also explains the quadratic scaling t 1 ∼ L 2 with the linear lattice extent, independent of dimension.
The lowest-lying eigenmode with a characteristic rate of decay ∆ starts to dominate the dynamics in the subsequent transient regime. All low-lying Fourier modes are seen to decay exponentially, C p 0 ∼ exp(−∆t), until the influence of the asymptotic value C ∞ p=0 becomes relevant. Thus, the dynamics of the condensate completely determines the behavior of the higher momentum-modes. Owing to the nontrivial scaling behavior Eqs. (15) - (17), we observe a separation of scales between t 1 ∼ L 2 and ∆ −1 for the Fourier modes C p 0 (cf. Fig. 3 ). The regime of asymptotic decay is characterized by
The transition between the transient and asymptotic regime is most easily seen by examining the absolute value of ∂ t ln C p : On a log-linear plot, the transient regime is clearly identified by horizontal lines with height ∼ ∆, whereas the leading asymptotic behavior corresponds to straight lines with negative slope −∆. We define the time scale t 2 in terms of the intersection point of the corresponding extrapolated curves and find that it scales nontrivially with momentum t 2 ∼ | |p| | −1/3 for the low-lying momentum modes. BEC preparation and entanglement growth. In the following, we assume that N is even and that the system is initially prepared in an incoherent ensemble with S 3 = 0, i.e.,
where |Ω ≡ | ↓↓ · · · ↓ . Starting from Eq. (18), the quantum dissipative process (1) drives the system into the Dicke state,
Similar to the infinite-temperature initial ensemble, here, the time evolution is carried out at zero temperature where the Lindblad jump operators dominate the dynamics. To quantify the real-time dynamics of entanglement, we consider the moments of the total spin operator S a . Given an ensemble with no genuine M-particle entanglement (M < N), we can derive an upper bound for these moments [39] [40] [41] . The measured value for C p=0 = 2 tr ρ[ S 2 − (S 3 ) 2 ] is used to check whether this bound is violated. If this is indeed the case, then we have shown that the time-evolved ensemble has M-qubit entanglement. Note that the Lindblad process conserves S 3 and therefore D p=0 (t) = 0 for all t ∈ [0, ∞) and tr ρ(S 3 ) 2 = tr ρS 3 2 . To verify genuine M-particle entanglement at any given time, we need to check whether the following inequality is satisfied: C p=0 > (M + 1)/(2N) [41] . We use this relation to define the cumulative entanglement distribution:
It serves as a measure for the total number of entangled qubits in a given ensemble ρ. Note that its time dependence is fully determined by the condensate fraction C p=0 . At initial time t = 0, in the fully mixed state, C p=0 (t = 0) = 1/N, and we observe that there is no entanglement, E(t = 0) = 1. In the infinite time limit, we obtain C ∞ p=0 = 1/2 + 1/N, and therefore E ∞ = N. Note that well before the asymptotic regime t → ∞ is reached, at time t ∼ ∆ −1 , near to N particles are mutually entangled: E(t) ≃ N 1 − exp(−∆t) . This clearly demonstrates the efficacy of the purely dissipative process Eq.
(1) for the purpose of entanglement generation. The preparation of a macroscopic BEC in a two-dimensional lattice and the time evolution of the corresponding cumulative entanglement distribution is illustrated in Fig. 4 . Note that we have chosen the same value of the total particle number N in both Figs. 3 and 4 to show that, for fixed γ, it takes longer for the condensate C p=0 to reach its asymptotic value C ∞ p=0 in d = 2 than in d = 3 dimensions. Currently, the numerical determination of the time evolution for the low-lying modes allows us to solve for system sizes of up to N ≈ 80 3 particles.
Conclusions. In this work, we have investigated the realtime dynamics of a purely dissipative s = 1/2 quantum spin system. This serves as an interesting model to study the application of non-Hermitian jump operators for state preparation and entanglement generation. The same dissipative process with competing unitary dynamics has been considered to some extent in previous work, e.g., in Ref. [19] for a system of up to N = 10 particles in the framework of a discrete time evolution generated by a Kraus map, while a mean-field approach was used to study linearized theories around a weakly perturbed dark state [21] . However, here we are able to resolve the complete time evolution for a macroscopic number of particles, albeit in the absence of a competing Hamiltonian dynamics. The large but finite system size provides a scale that determines the characteristic time for the evolution of correlations. This allows us to extract the asymptotic scaling of the dissipative gap. In particular, we find a nontrivial finitesize scaling that depends on the dimension. The dissipative process becomes more efficient as the coordination number of the lattice is increased. This certainly has interesting implications, e.g., for state preparation in ultracold atoms in optical lattices. Furthermore, we have shown explicitly how multiparticle entanglement is generated in real time and how the system evolves into a macroscopically entangled BEC.
So far, we have neglected the effect of a thermal bath as the system is driven at zero temperature. We plan to investigate the effect of thermal fluctuations on the real-time dynamics and the stability of the final dark state in a future publication. Another interesting question concerns the role of topological excitations for the dynamics which we plan to address.
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